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Ž .It has been proven by F. Leong and the author 1997, J. Algebra 190, 474486
that all Moufang loops of order pq1  qn are associative if p and q are odd1 n i
primes with p q    q , and1 n
Ž .i  3,   2; ori
Ž .ii p 5,  4,   2.i
In this paper, we prove the existence of nonassociative Moufang loops of order pq3
Ž .for every pair of odd primes, p and q with q 1 mod p .  2001 Academic Press
I. INTRODUCTION
On the study of Moufang loops, an interesting open question has been:
‘‘Which Moufang loops of odd order are associative?’’ We can easily
construct a nonassociative Moufang loop of order mn by using the cross
product of a nonassociative Moufang loop of order m and any group of
order n. So, in view of the existence of nonassociative Moufang loops of
4   5 Ž .  order 3 2 and p p 5 13 , we need to examine only those Moufang
 1 n Žloops of order 3 p  p for  3 and   4 p are primes with1 n i i
.3 p    p .1 n
In 1988, M. Purtill proved that all Moufang loops of odd order pqr or
2  p q, where p q r, are groups 11 . These results were later extended
 by F. Leong et al. in 9 to the case of all Moufang loops of odd order
pq  q where p q    q and  3. Purtill also claimed in1 n 1 n
  211 that all Moufang loops of odd order pq with p q are groups, but
 later withdrew the result 12 after a flaw was found by Leong and Teh.
Only later, in 1995, did F. Leong together with the author manage to prove
 that Purtill’s conjecture was true nevertheless 5 .
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Following that, F. Leong and the author progressively extended the
 previous results through three papers. In 68 , respectively, it was proven
that all Moufang loops of the following orders are groups:
Ž . 2 2 2i p p  p where p are distinct odd primes;1 2 n i
Ž . 4ii p q  q where 3 p q    q ;1 n 1 n
Ž . 3 2 2 4 2 2iii p q  q where 3 p q    q ; and p q  q1 n 1 n 1 n
where 3 p q    q .1 n
In all the cases above, we can see that the powers of the second and
consecutive larger primes never exceed two. Continuing, the next course of
action was obviously to look at those Moufang loops of order pq3 where p
and q are odd primes with p q. It looked simple, but for months we
tried in vain to prove that these Moufang loops are groups too. Our failure
to prove this forced us to try and move in the opposite direction. Finally,
Ž .we realized and show in this paper that there exist nonassociative
Moufang loops of order pq3 for every pair of odd primes, p and q with
Ž .q 1 mod p .
We begin by investigating the properties of a nonassociative Moufang
loop L, of odd order pq3, where p and q are primes, with p q. First, we
prove that L C Q, where C is a cyclic group of order p, and Q is ap p
3 Ž .group of order q normal in L. Next, we show that q 1 mod p . Then,
we show that Q is of exponent q, and that Q is a nonabelian group if
p 3. Finally, we work out the product rule for any two elements of L.
Conversely, guided by the properties established above, we define a set
3 Ž Ž ..L, of order pq p and q being odd primes with q 1 mod p , and a
product rule for any two elements of L. Finally, by using messy calcula-
tions, we show that L is indeed a nonassociative Moufang loop.
Thus, the open question mentioned in the first paragraph is almost
completely solved! Due to the nonexistence of nonassociative Moufang
3 Ž .loops of odd order pq when q 1 mod p , we have the following open
questions to investigate next:
‘‘Are all Moufang loops of order p2q3 andor pq4 associative if p and
Ž .q are odd primes with p q and q 1 mod p ?’’
‘‘Are all Moufang loops of order p  p q3 associative if p and q1 n i
Ž .are odd primes with p    p  q and q 1 mod p ?’’1 n i
II. DEFINITIONS AND NOTATIONS
² :1. A binary system L,  , in which specification of any two of the
elements x, y, z in the equation x  y z uniquely determines the third
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Ž .element is called a quasigroup. If further it contains a two-sided identity
element, then it is called a loop.
² : Ž .2. A loop L,  is a Moufang loop if xy  zx x  yz x for all
x, y, z L. From now on, L is defined as a finite Moufang loop.
3. Define
	1zR x , y  zx  y xy ,Ž . Ž . Ž .
	1zL x , y  yx y  xz ,Ž . Ž . Ž .
zT x  x	1  zx.Ž .
Ž . ² Ž . Ž . Ž . :I L  R x, y , L x, y , T x 
 x, y L is called the inner mapping
group of L.
4. L , the associator subloop of L, is the subloop generated by all thea
Ž . Ž . Ž .	1Ž .associators x, y, z in L where x, y, z  x  yz xy  z . We shall also
Ž . ²Ž . : Ždenote L  L, L, L  l , l , l 
 l  L . Clearly L is associative ifa 1 2 3 i
 4 .and only if L  1 .a
5. L , the commutator subloop of L, is the subloop generated by allc
    Ž .	1Ž .the commutators x, y in L where x, y  yx xy .
Ž .6. Let K be a subloop of L. K is a normal subloop of L KL , if
Ž .K K for all  I L .
7. Suppose K is a normal subloop of L.
Ž .  4i K is a proper normal subloop of L if K 1 and K L.
Ž .  4ii LK is a proper quotient loop of L if K 1 .
8. Let K be a proper normal subloop of L.
Ž .i K is a minimal normal subloop of L if there exists no proper
normal subloop of K.
Ž .ii K is a maximal normal subloop of L if K is not a subloop of
every other proper normal subloop of L.
Ž .9. NN L , the nucleus of L is the subloop consisting of all n in L
Ž . Ž . Ž .such that n, x, y  x, n, y  x, y, n  1 for all x, y in L.
10. Let K be a subloop of L and  a set of primes.
Ž .i A positive integer n is a -number if every prime divisor of n
lies in  .
Ž .ii For each positive integer n, we let n be the largest -number
that divides n.
Ž .iii K is a -loop if the order of every element of K is a -number.
Ž .    iv K is a Hall -subloop of L if K  L .
Ž .v K is a Sylow p-subloop of L if K is a Hall -subloop of L and
 4 p .
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Ž . 11. Let H be a subloop of L. Then C H  g 
 g L and gh hgL
4for all hH .
Ž .12. m, n is defined as the greatest common divisor on the integers m
and n.
 13. Other definitions follow those in 1, 4 .
III. BASIC PROPERTIES AND KNOWN RESULTS WITH
MOUFANG LOOPS
Let L be a finite Moufang loop.
Ž . ² :R L is disassociative, that is, x, y is a group for any x, y in L.1
Ž . ² :Moreover, if x, y, z  1 for some x, y, z in L, then x, y, z is a group
 1, p. 117, Moufang’s Theorem .
Ž . Ž . Ž n. Ž .nR If x L and  I L , then x  x for any integer n2
 1, p. 117, Lemma 3.2 and p. 120, 4.1 .
Ž .R L satisfies the following identities:3
Ž . Ž . Ž .	1a xL z, y  x x, y, z ;
Ž . Ž . Ž . Ž .b x, y, z  x, yz, z  x, y, zy ;
Ž . Ž . Ž .	1c x, y, z  xy, z, y ;
Ž . Ž . Ž .d x, y, z  x, y, zx ;
Ž .  Ž .	1  Ž .Ž .e y x x, y, z  yx y, x, z
 1, p. 124, Lemma 5.4 .
Ž . Ž . Ž . Ž .R Suppose x, y, u,   L and  I L . Then xy   c x 4
Ž .  	1 	1 y  c where c is called the companion of  . Here c u ,  if
Ž . 	3 Ž .  L u,  , and c u if  T u 1, p. 112, Lemma 2.1, p. 113,
Lemma 2.2, and p. 117, Lemma 3.2 .
Ž .  R N is a normal subloop of L 1, p. 114, Theorem 2.1 .5
Ž .   3R Suppose L  p where p is a prime. Then L is a group6
 3, p. 34, Proposition 1 .
Ž .  R Suppose L is odd, K is a subloop of L, and  is a set of7
primes. Then
Ž .      a K divides L 4, p. 395, Theorem 2 ;
Ž .b K is a minimal normal subloop of L K is an elementary
Ž . ²Ž . :  4 abelian group and K , K , L  k , k , l 
 k  K , l L  1 4, p. 402,1 2 i
Theorem 7 ;
Ž .  c L contains a Hall -subloop 4, p. 409, Theorem 12 .
Ž . Ž . Ž .R For any x, y, z L and n N, xn, y, z  x, yn, z 8
Ž . Ž .  x, y, zn  x, y, z 5, p. 267, Lemma 1 .
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Ž .  R Suppose L is odd and every proper subloop of L is a group.9
If there exists a minimal normal Sylow subloop in L, then L is a group
 5, p. 268, Lemma 2 .
Ž .   2R Suppose L  pq where p and q are distinct odd primes.10
 Then L is a group 5, p. 269, Theorem .
Ž .R Suppose K is a normal subloop of L such that LK is a11
 Ž .group. Then L  K 7, p. 563, Lemma 1 a .a
Ž .R Let L be a Moufang loop of odd order such that every proper12
subloop and quotient loop of L is a group. Suppose Q is a Hall subloop of
Ž    . L such that L , Q  1 and QL Q. Then L is a group 7, p. 564,a a
Ž .Lemmas 3 and 8, p. 478, Lemma 1 a .
Ž .R Let L be a nonassociative Moufang loop of odd order such13
that all proper quotient loops of L are groups. Then:
Ž .a L is a minimal normal subloop of L; anda
Ž .b L and L lie in every maximal normal subloop M of L.a c
² :  Moreover, LM x for any x L	M 8, p. 478, Lemma 1 .
Ž .R Let L be a nonassociative Moufang loop of odd order such14
that all proper subloops and quotient loops of L are groups. Suppose M is
a maximal normal subloop of L. Then, for any wM and l L, there
 4 Ž .  exists some k  L 	 1 such that k , w, l  1 8, p. 478, Lemma 2 .0 a 0
Ž .R Let L be a nonassociative Moufang loop of odd order such15
that all proper subloops and quotient loops of L are groups. Suppose L isa
 a cyclic loop. Then L N 8, p. 480, Lemma 4 .a
Ž . Ž .R Suppose a, b, and m are integers such that a, m  1. Then16
Ž .there exists an integer x which satisfies the congruence ax b mod m
 10, p. 25, Corollary 2.9 .
Ž . n Ž .R If q is a prime, then the congruence   1 mod q has17
Ž .  n, q	 1 solutions for  10, p. 54, Theorem 2.27 .
IV. MAIN RESULTS
Ž n . Ž .nLEMMA 1. Let L be a Moufang loop. Then u , l , l  u, l , l for1 2 1 2
Ž .each l  L, u C L and integer n.i L a
Ž . n Ž .  Ž .nProof. By R , u L l , l  uL l , l . So2 2 1 2 1
n	1 	1n nu u , l , l  u u , l , l by R aŽ . Ž . Ž .Ž .1 2 1 2 3
	nn u u , l , l as u C L .Ž . Ž .1 2 L a
Ž n . Ž .nThus u , l , l  u, l , l by cancellation.1 2 1 2
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Ž .LEMMA 2. Let L be a Moufang loop such that L N. Then l , l , l a 1 2 3
Ž .	1 Ž .l , l , l  l , l , l for each l  L.3 2 1 2 3 1 i
Ž .Ž . Ž .Ž .  Ž .	 1 Proof. By R e , l l l , l , l  l l l , l , l . Then3 1 2 1 2 3 1 2 2 1 3
Ž .Ž . Ž .Ž .	1 Ž .l , l l , l , l  l l l , l , l as l , l , l N. By cancellation, we1 2 1 2 3 1 2 2 1 3 2 1 3
get
	1l , l , l  l , l , l . Ž . Ž . Ž .1 2 3 2 1 3
Thus
l , l , l  l l , l , l by R cŽ . Ž . Ž . Ž .1 2 3 2 1 3 1 3
	1 l , l l , l by Ž . Ž .3 2 1 1
	1 l , l , l by R bŽ . Ž . Ž .3 2 1 3
 l , l , l by  .Ž . Ž .2 3 1
LEMMA 3. Let L be a Moufang loop. Suppose x, u,   L such that
	1Ž . Ž .  Ž  . Ž .Ž 	1 .Ž 	1.x x, u,  x x, u,  and  1. Then x , u,   x, u, 
for any integer  0.
Proof. The proof is trivial for  0 and 1. So we shall assume that
 Ž .  Ž . Ž . 2. Now x L  , u  xL  , u by R . So2
	1 	1 x x , u ,   x x , u ,  by R aŽ . Ž . Ž . Ž .3
	2	1 	1 	1 x x , u ,  x x , u ,  x x , u , Ž . Ž . Ž .
	2		12 x x , u ,  x x , u , Ž . Ž .
		1as x , u ,  x x x , u , Ž . Ž .
2 	3	 		13 x x , u ,  x x , u ,  similarly if  3.Ž . Ž .
By continuing in this manner, we can get
	1 	2	1 		 	 	   		1  x x , u ,   x x , u ,  x x , u ,  .Ž . Ž . Ž .
Ž  . Ž . 	1 	2   1Thus x , u,   x, u,  by cancellation.
	2 	1 Ž  . Ž .Now 1       	 1  	 1 as  1.
Ž  . Ž .Ž 	1 .Ž 	1.Hence x , u,   x, u,  .
LEMMA 4. Let L be a Moufang loop and Q a subloop of L such that Q
Ž .is a group. Suppose L and L lie in Q, u,  Q, and   C L . Thena c L a
Ž . Ž .Ž .u , l , l   , l , l u, l , l for each l  L.1 2 1 2 1 2 i
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 	1 	1  Ž . Ž . Ž . Ž .Proof. Write c l , l . By R , u L l , l  c uL l , l 2 1 4 2 1 2 1
 Ž .  l , l  c . So2 1
	1u u , l , l  cŽ . Ž .1 2
	1 	1 u u , l , l   , l , l  c by R aŽ . Ž . Ž . Ž .1 2 1 2 3
as u ,  Q ; c L Q ;	1 	1 c u u , l , l   , l , l  cŽ . Ž .1 2 1 2 L Q ; and Q is a groupa
	1 	1 u u , l , l  , l , l  c as   C L .Ž . Ž . Ž .1 2 1 2 L a
Ž . Ž .Ž .Thus u , l , l   , l , l u, l , l by cancellation.1 2 1 2 1 2
LEMMA 5. Let L be a Moufang loop and Q be a subloop of L such that Q
² : Ž .is group; L and L lie in Q; Q u,  , k for some u,   C L ;a c L a
  ² :  i  i 	 iu,   k and k L N. Suppose w , w Q such that w  u  ka 1 2 i
Ž . Ž .1 2	 12for some integers  ,  , and 	 . Then x, w , w  x, u,  for anyi i i 1 2
x L.
Proof.
x , w , wŽ .1 2
 x , u1 1 k	1 , u2 2 k	 2Ž .
 x , u1 1 , u2 2 by R as kNŽ . Ž .8
 u2 2 , x , u1 1 by Lemma 2 as L NŽ . a
  2 , x , u1 1 u2 , x , u1 1Ž . Ž .
by Lemma 4 as Q is a group
L and L lie in Q ; u ,  Q ; and   C LŽ .a c L a
 22   1 1 1 1  , x , u  u , x , u  by Lemma 1 as  , u C LŽ . Ž . Ž .L a
 22   1 1 1 1  , x , u  u , x ,  u kŽ . Ž .0
² : ² : for some k  k as u ,   k0
 22   1 1 1 1  , x , u  u , x ,  u by R as k NŽ . Ž . Ž .8 0
2 21 1  , x , u u , x ,  by R dŽ . Ž . Ž . Ž .3
2 21 1 u ,  , x  , u , x by Lemma 2 as L NŽ . Ž . a
   1 2 1 2 u ,  , x  , u , x by Lemma 1Ž . Ž .
  	 1 2 1 2 x , u ,  by Lemma 2.Ž .
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LEMMA 6. Let L be a nonassociatie Moufang loop of odd order pq3
where p and q are primes with p q. Then:
Ž . ² : 3a LQ x where Q is a subloop of order q normal in L and x is
an element of order p in L;
Ž .b L N Ca q
Ž . Ž .c q 1 mod p ;
Ž . 	1 ² :d xwx  w L for each wQ; anda
Ž . Ž .e there exist u,  , kQ and some integer  1 mod q such that
 4k x , u ,   L 	 1 ,Ž . a
x	1 kx k  ,
xux	1  u ,
xx	1   ,
and
 p 1 mod q .Ž .
Ž .Ž .    Proof. Let H be any proper subloop of L. By R a , H divides L .7
    Ž . Ž .So H is either pq with  2, or q with  3. Then by R or R ,10 6
H is a group. Similarly, every proper quotient loop of L is also a group.
Ž .Ž . Ž .Ž .Thus by R a , L is a minimal normal subloop of L. Then by R b ,13 a 7
  3L is an elementary abelian group. Suppose L  p or q . Then L woulda a
Ž .be a group by R . This is a contradiction as L is not associative. So9
  2L  q or q . 1Ž .a
  2Now LL  pq or pq. Since LL is a group and p q, by Sylow’sa a
Theorem there exists a normal subgroup QL or order q2 or q in LL ,a a
  3in each case, respectively. In both cases, Q  q and Q is normal in L.
Ž .Ž .By R c , there exists an element x of order p in L. Clearly x L	Q.7
Ž .Ž .Since Q is a maximal normal subloop of L, by R b ,13
² :LQ x . 2Ž .
Ž .This proves a .
Ž .Ž .By R b ,13
L and L lie in Q. 3Ž .a c
  2   3Suppose L  q . Since Q  q and L Q, there exists an elementa a
wQ	 L such thata
² :Q L w . 4Ž .a
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Ž .  4By R , there exists an element k  L 	 1 such that14 0 a
k , w , x  1. 5Ž . Ž .0
² :  3 ² : ² : Ž .Suppose k , w  q . Then k , w Q. So L k , w, x by 2 .0 0 0
Ž . Ž .Then L would be a group by 5 and R . This is a contradiction. So1
² :  2k , w  q . Thus0
 k , w  1. 6Ž .0
Ž . 	Take uQ. By 4 , we can write u kw for some k L anda
  	1 	1 	1Ž 	 .	1 Ž 	 .some integer 	 . So k , u  k u k u  k kw k kw 0 0 0 0 0
k	1 w		 k	1 k kw	 k	1 w		 k w	 as k, k  L which is an abelian group.0 0 0 0 0 a
Ž .Thus, by 6 ,
 k , u  1. 7Ž .0
 	1 	1  Ž . Ž . Ž 	 . Ž .Write c  k , x . By 3 , c Q. Now uL k , x  c  kw L k , x1 0 1 0 1 0
Ž . 	 Ž .  Ž . c  kL k , x w L k , x  c by R . So1 0 0 1 4
	1	1 	1 	 	u u , x , k  c  k k , x , k w w , x , k  c by R aŽ . Ž . Ž . Ž .Ž .0 1 0 0 1 3
 k  w	c by R b , R , and 5Ž . Ž . Ž . Ž .1 7 1
 kw	  c as k , w , c Q and Q is a group1 1
 u  c .1
By cancellation, we get
u , x , k  1. 8Ž . Ž .0
Ž . Take l L. By 2 , we can write l u x for some u Q and some1 1
 	1 	1  Ž . Ž . Ž  . Ž .integer  . Write c  k , u . By R , lL k , u  c  u x L k , u 2 0 4 0 2 1 0
Ž .  Ž .  Ž .c  u L k , u x L k , u  c . By 7 , c  1. So2 1 0 0 2 2
	1	1 	1  l l , u , k  u u , u , k x x , u , k by R aŽ . Ž . Ž . Ž .Ž .0 1 1 0 0 3
 u  x  as u , u , k Q which is a group, and by 8 .Ž .1 1 0
Hence, since l u  x ,1
l , u , k  1. 9Ž . Ž .0
Ž .Now take h L. We wish to show that l, h, k  1. If hQ, then0
Ž . ² :we are through by 9 . So we can assume that hQ. So LQ h
Ž .Ž . 
by R a . Then we can write l u h for some u Q and some7 2 2
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integer 
 . Thus
k , h , l  k , h , u h
  k , h , u by R bŽ . Ž . Ž . Ž .Ž .0 0 2 0 2 3
 1 by 9 and R .Ž . Ž .1
  Ž .By definition, k N. So q divides N . Thus LN is a group by R .0 10
Ž .   2   Ž .Ž .Then L N by R . So L  q divides N . Then by R a , La 11 a 7
² : ² : Ž .N, u,  for some u,   L. Thus L u,  N as NL by R .5
Now
² : ² : ² :L  L, L, L  u ,  N , u ,  N , u ,  NŽ . Ž .a
² : ² : ² : u ,  , u ,  , u ,  by RŽ . Ž .8
² : 4 1 as u ,  is a group by disassociativity.
  2Then L would be a group. This is a contradiction. So L  q . Thusa
  Ž . Ž .L  q by 1 . Hence L N by R .a a 15
  ² :  4Suppose N  q. Then L u,  N for some u,   L. Then L  1a
Ž .  by R again. This is a contradiction. Thus N  q. Hence L N C .8 a q
Ž .This proves b .
 ² : Now L x  pq. Let n be the number of Sylow p subgroups ofa p
² : ² : ² : ² :L x . Suppose n  1. Then x L x . Since x is a Hall subloop ofa p a
Ž   ² : . Ž . Ž .L and L , x  q, p  1, L would be a group by R . This isa 12
Ž .a contradiction. So n  1. By Sylow’s Theorem, n  1 mod p dividesp p
Ž .pq. So n divides q. Since n  1, n  q. Thus q 1 mod p . Thisp p p
Ž .proves c .
Take wQ. Suppose w L . Then, since L L, xwx	1  L a a a
² : Ž .w L . Thus d holds for the case w L . So we shall assume thata a
3  wQ	 L . Since Q is a group of order q , q divides w .a
² :Write H x, w . By disassociativity, H is a group. So H L. Also pq
    2 Ž .Ž .divides H . So H  pq or pq by R a .7
   Case 1. Suppose H  pq. Then w  q and by Sylow’s Theorem,
² : 	1 ² : ² :w H. Thus xwx  w  w L .a
  2Case 2. Suppose H  pq . Then by Sylow’s Theorem, there exists a
2 Ž . ² :subgroup Q of order q normal in H. By b , we can write N L  k0 a
Ž .Ž . ² :  3for some k L. Suppose kH. Then by R a , H, k  pq . Thus7
² : Ž .L x, w, k . Since kN, x, w, k  1. Then L would be a group by
 Moufang’s Theorem. This is a contradiction. Thus kH. Since k  q,
² : ² : ² :kQ . Since w L  k and w, kQ , Q  w, k  w L . Thus0 a 0 0 a
	1 ² : ² :xwx  w L as w L Q H.a a 0
Ž .This proves d .
Suppose
x , g , h  1 for each g , hQ. 10Ž . Ž .
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Ž .  iTake l , l  L. By 2 , we can write l  w x for some w Q and some1 2 i i i
integer  . Nowi
x , l , l  x , w x 1 , w x 2Ž . Ž .1 2 1 2
 x , w x 1 , w by R dŽ . Ž .Ž .1 2 3
 w , x , w x 1 by b and Lemma 2Ž .Ž .2 1
 w , x , w by R bŽ . Ž . Ž .2 1 3
 1 by 10 and Moufang’s Theorem.Ž .
    Ž .So xN by definition. Then x  p must divide N . This contradicts b .
Ž . Ž .So our assumption 10 is false. Hence x, g, h  1 for some g, hQ.
Write
k x , g , h . 11Ž . Ž .
 4 Ž .So k L 	 1 . Then by b , we can writea
² :L  k N C . 12Ž .a q
Ž .  4Now Q is a nilpotent group and L Q. So L  Z Q  1 . Sincea a
   Ž .  3 Ž .L  q, and Z Q  q or q, L  Z Q . Soa a
Q C L . 13Ž . Ž .L a
Ž . 	1 Since gQ, by d , xgx  g k for some integer  and some k  L .1 1 a
So
xg g k  x . 14Ž .1
Now
k x , g , h by 11Ž . Ž .
 g , h , x by Lemma 2 as L NŽ . a
 g , h , xg by R dŽ . Ž . Ž .3
	1	1 x , xg , h by R cŽ . Ž .Ž . 3
	1	1  x , g k  x , h by 14Ž .Ž .1
 h , g k  x , x	1 by Lemma 2Ž .1
 h , g k , x	1 by R bŽ . Ž .Ž .1 3
 h , g  , x	1 by R as k  L NŽ .Ž . 8 1 a
	1 	1 g , h , x by Lemma 2Ž .
		1 g , h , x by Lemma 1 and 13 .Ž .Ž .
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Thus by Lemma 2,
		1k x , g , h . 15Ž .Ž .
Now
	1	1x L h , g  xL h , g by R .Ž . Ž . Ž .2
So
	1	1 	1	1 	1x x , g , h  x x , g , h by R aŽ . Ž . Ž .Ž . 3
 x , g , h x	1 .Ž .
	1Ž 	1 .	1 Ž . 	1Ž 	1 .	 Ž . Then x x , g, h x x, g, h and x x , g, h x x, g, h .
Ž . Ž .Thus by 15 and 11 ,
x	1 kx k . 16Ž .
Ž . 	1 
Since hQ, by d , xhx  h k for some integer 
 and some k  L .2 2 a
Ž . Ž .Then, applying the method used to obtain 16 from 14 , we can show that
	1 
 Ž . Ž .x kx k . So, by 16 and 12 , 
  rq for some integer r.
Ž q . Ž .q Ž .Take l , l  L. Now, h , l , l  h, l , l by Lemma 1 and 13 . Thus1 2 1 2 1 2
Ž . Ž q . q ² : Ž . 	1by b , h , l , l  1. Hence h N k by 12 . Then xhx 1 2
r q Ž q. rh k  h h k . So2 2
xhx	1  hk 17Ž .3
for some k N.3
Ž .By 14 ,
xgx	1  g k . 18Ž .1
Ž . 	Ž p	1. p	1  p	1  By 16 , x kx  k . Since x  p, we get
xkx	1  k  p	1 . 19Ž .
Ž . 	p p  p  p    Also by 16 , x kx  k . So k k as x  p. Since k  q,
 p 1 mod q . 20Ž . Ž .
Ž . Ž . 	1   ² :Suppose  1 mod q . Then by 16 , x kx k as k  q. So x 
² : Ž .C L x . Then L would be a group by R . This is a contradiction. Sop a 12
 1 mod q . 21Ž . Ž .
p	1 Ž . 2 p Ž . 2 Ž .Suppose   mod q . Then    mod q . So   1 mod q
Ž . Ž . Ž . Ž .by 20 . Thus  1 mod q by 20 as p is odd. This contradicts 21 . So
p	1 Ž .  mod q .
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Ž p	1 . Ž .Thus 	  , q  1. Then by R , there exists some integer 16
such that
 	  p	1  1 mod q . 22Ž . Ž .Ž .
Write u gk and   hk. So1 3
xux	1  x gk x	1Ž .1
	1 	1 xgx  xk x as k NŽ .1 1
  p	1 ² : g k  k by 18 and 19 as k  kŽ . Ž .1 1 1
 	1   g k  k by 22 as k divides qŽ .1 1 1
 g k1

   gk as g , k  1 by 13 .Ž .Ž .1 1
Thus,
xux	1  u. 23Ž .
Similarly, we can show that
xx	1  . 24Ž .
Now
x , u ,   x , gk , hkŽ . Ž .1 3
 x , g , h by R as k , k N.Ž . Ž .8 1 3
Ž .Then by 11 ,
k x , u ,  . 25Ž . Ž .
Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Thus 21 , 25 , 12 , 16 , 23 , 24 , and 20 complete the proof of e .
Hence the proof of this lemma is complete.
THEOREM 1. Let L be a nonassociatie Moufang loop of order pq3 where
Ž .p and q are odd primes with p q. Then q 1 mod p , and there exists a
subloop Q of order q3 normal in L where Q is a group of exponent q.
Moreoer, Q is a nonabelian group when p 3. Also, each element in L may
   	  4be uniquely expressed in the form l x  u  k where  0, 1, . . . , p	 1
 4and  ,  , 	 0, 1, . . . , q	 1 . Furthermore, the product of two elements of
L is gien by
l  l  x 1  u1 1 k	1  x 2  u2 2 k	 2Ž . Ž .1 2
 x Ž1 , 2.  uŽ1 , 2. Ž1 , 2. k	 Ž1 , 2. , iŽ .
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where
     mod p ; iiŽ . Ž . Ž .Ž1, 2. 1 2
   Ž p	1. 2   mod q ; iiiŽ . Ž .Ž .Ž1, 2. 1 2
   Ž p	1. 2   mod q ; ivŽ . Ž .Ž .Ž1, 2. 1 2
	  	 2  	    Ž p	1. 2½Ž1, 2. 1 2 2 1
 Ž p	2.2 2    	 Ž .1 1
 Ž p	1.Ž1 , 2. 2  	   	 1 mod q ; vŽ . Ž . Ž .Ž . 5Ž1, 2.
    	   mod q ; viŽ . Ž . Ž .Ž1, 2. 1 2 2 1
 and  are integers such that
 p 1 mod q but  1 mod q ; viiŽ . Ž . Ž .
 	 1 	2 mod q when p 3; viiiŽ . Ž . Ž .
and
 is any integer when p 3. ixŽ .
Ž . Ž . Ž . ² :Proof. By Lemma 6 c , q 1 mod p and by Lemma 6 a , LQ x
where Q is a subloop of order q3 normal in L and x is an element of
Ž .order p in L. By Lemma 6 e , there exist some elements u,  , and k in Q
Ž .  4 Ž .such that k x, u,   L 	 1 . So by Lemma 6 b ,a
² :L  k N C . 1Ž .a q
Write
k x , u ,  . 2Ž . Ž .
Ž . Ž Ž ..By Lemma 6 e , there exists some integer  which satisfies vii such that
x	1 kx k  , 3Ž .
xux	1  u , 4Ž .
xx	1  . 5Ž .
² :Since QL, we can also write L x Q. So each element in L may be
uniquely expressed in the form
l x w , 6Ž .
 4where  0, 1, . . . , p	 1 and w is some element in Q.
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Ž . ² :  3By R , Q is a group. Take wQ. Suppose w, k  q . Then6
² : ² : ² : Ž . Ž .w, k Q. So L x Q x, w, k . By 1 , x, w, k  1. Then L
would be a group by Moufang’s Theorem. This is a contradiction. So
² :  2w , k  q or q 7Ž .
for each wQ.
Hence for each wQ,
 w , k  1. 8Ž .
Ž . Ž . ² : Ž . ² :  2 ² : ² : ² :By 1 and 2 ,  k . Thus by 7 , k,   q . So k,   k   .
² : 	 Suppose u k,  . Then we can write u k  for some integers 	
and . Then
x , u ,   x , k	  ,   x , k	 ,  by R bŽ . Ž . Ž . Ž . Ž .3
 1 by 1 .Ž .
Ž . Ž . ² : ² :  3This is a contradiction by 1 and 2 . So u k,  . Thus u,  , k  q .
² : ² : Ž . Ž .  ² :  2Hence Q u,  , k . Now k Q by 1 and R . Since Q k  q ,5
² :   ² :it is an abelian group. So Q  k . Thus u,   k .c
Hence we can write
u uk 9Ž .
² :for some integer . Also since Q u,  , k , each element in Q can be
expressed in the form
w u k	 10Ž .
for some integers  ,  , 	 .
Ž . Ž .By 9 and 8 , we can show that
 u u k 11Ž .
for all integers  and .
Take l , l  L and wQ.1 2
Ž q . Ž .q Ž . Ž .Now w , l , l  w, l , l  1 by Lemma 1, 1 , and 8 . Thus1 2 1 2
w q N 12Ž .
for each wQ.
 4 Ž . Ž .Take yQ	 1 . By 12 and 1 ,
y q  k 13Ž .
for some integer  .
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  	 Ž . qNow y u  k for some integers  ,  , and 	 by 10 . So y 
Ž   	 .qu  k . Thus
q
   	 qk  u  k by 8 as u ,  QŽ . Ž .
q
  	  u  as k divides q by 1Ž . Ž .
 uq qk 12   Žq	1. by 8 and 11Ž . Ž .
 uq qk qŽq	1.2 .
Hence
k uq q 14Ž .
  Ž .as k  q by 1 .
Now x	Ž p	1.k x p	1  xk x	1  xuq x	1  x q x	1 as uq,  q N by
Ž .12 . So
k
p	1  uq q by 3 , 4 and 5Ž . Ž . Ž .

 q  q q q ² : u  by 8 as u ,   k by 12 and 1Ž . Ž . Ž . Ž .
 k by 14 .Ž .
Ž .Thus by 1 ,
q divides  	  p	1 . 15Ž .Ž .
Suppose q divides 	  p	1.
p	1 Ž . 2 p Ž . Ž .Then   mod q     mod q . So by vii ,
2 1 mod q . 16Ž . Ž .
p Ž 2 .Ž p	1.2 p Ž . Ž .Now     as p is odd. So    mod q by 16 . But this
Ž . p	1contradicts vii . Hence q does not divide 	  . Then q divides  by
Ž . q Ž . Ž .15 . Thus y  1 by 13 and 1 . Therefore Q is a group of exponent q.
Ž . Ž .Hence, by 10 and 6 , each element of L may be uniquely expressed in
the form
l x   u k	 , 17Ž .
 4  4where  0, 1, . . . , p	 1 and  ,  , 	 0, 1, . . . , q	 1 .
Ž . ² :By 1 , kN. So any element in k  L associates freely with all thea
elements of L. We shall use this fact without mention in the rest of the
Ž .proof. Otherwise we shall merely state ‘‘by 1 .’’
Take wQ and any integer  . Now
x	 wx  x	 u k	 x  by 10Ž . Ž .
 x	 u  x   x	 k	 x  by 1 .Ž . Ž .
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Ž .So by 3 ,
x	 wx  x	 u  x   k	. 18Ž . Ž .
Now
   	3     	3u  T x  x  u T x  T x  x by RŽ . Ž . Ž . Ž . Ž .4
 uŽ p	1.   Ž p	1.x	3 by 4 and 5 .Ž . Ž .
So
x	 u  x Ž .
 uŽ p	1.   Ž p	1.x	3 x 3Ž .
 uŽ p	1. Ž p	1. uŽ p	1. ,  Ž p	1.x	3 , x 3Ž .
 uŽ p	1. Ž p	1. uŽ p	1. ,  Ž p	1. , x 3 by R bŽ . Ž .Ž . 3
Ž p	1. Ž p	1. Ž p	2.  3 u  x , u , Ž .
by Lemma 1, Lemma 2, and viiŽ .
 uŽ p	1. Ž p	1.k Ž p	2. Ž 3	1 .Ž 	1.
by Lemma 3, 2 , 3 , and viiŽ . Ž . Ž .
 uŽ p	1. Ž p	1.k  Ž 	 Ž p	2. .Ž 	1. as  p 1 mod q .Ž .
Ž .By substituting this in 18 , we get
x	 wx  uŽ p	1. Ž p	1.k	  Ž 	 Ž p	2. .Ž 	1. . 19Ž .
Then
Ž p	1.	    ² :x wx  u  k for some k  k by 9Ž . Ž .1 1
Ž p	1.  	 ² : u  k k for some k  k by 8 .Ž . Ž .0 0
Ž .Thus by 10 ,
x	 wx  w Ž p	1.k . 20Ž .0
Ž .Take l , l  L. By 6 , there exist integers  and an element w Q such1 2 i i
 i Ž .  i  i 	 ithat l  x w . By 10 , w  u  k for some integers  ,  , and 	 .i i i i i i
Now
l  l  x 1w  x 2 w1 2 1 2
  	 	  1 2 1 2 1 2 x x x w  w w by diassociativityŽ .1 2
	1  	  	 	  1 2 2 2 1 2 1 2 x x w  x w x , x w , x w .Ž . Ž .1 2 1 2
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So
	1  	  	 1 2 2 2 2 2l  l  x x w x  w x w , x , wŽ . Ž .1 2 1 2 1 2
	1	 	  1 2 1 2 x , x w , x w . 21Ž .Ž .1 2
Now
	1	 2 2x w , x , wŽ .1 2
 x	 2 w x 2 , w , x 2 by R cŽ . Ž .Ž .1 2 3
Ž p	1. 2 2 ² : w k , w , x for some k  k by 20Ž .Ž .1 1 2 1
 w Ž p	1. 2 , w , x 2 by RŽ .Ž .1 2 8
Ž p	1. 22 x , w , w by Lemma 1 and Lemma 2Ž .1 2
Ž p	1. 2 Ž  2 . Ž .  	1  	1 x , w , w by Lemma 3, 1 , 3 , and vii .Ž . Ž . Ž . Ž .1 2
Ž .Thus by vii ,
	1 Ž p	1. 2Ž . Ž .1	  	1	 2 2x w , x , w  x , w , w . 22Ž . Ž .Ž .1 2 1 2
Ž .Also, by 20 ,
	1	 	  1 2 1 2x , x w , x wŽ .1 2
	1 1 2	 	    1 2 1 2 ² : x , w k x , w k x for some k , k  kŽ .1 2 2 3 2 3
	1 1 2	 	   1 2 1 x , w k x , wŽ .1 2 2
by R d several times, R , and RŽ . Ž . Ž . Ž .3 16 8
	1 1 2	 	  1 2 x , w , wŽ .1 2
by Lemma 2, R b several times, R , and RŽ . Ž . Ž . Ž .3 16 8
	 1 2Ž p	1.Ž  .1 2   x , w , w by Lemma 1 and as x  pŽ .1 2
1 2 Ž Ž p	1.Ž  1 2 . . Ž .	  	1  	1 x , w , wŽ .1 2
by Lemma 3, 1 , 3 , and viiŽ . Ž . Ž .
Ž 1 2 . Ž .	1  	1 x , w , w .Ž .1 2
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Ž .Then by 22 , we get
	1 	1	  	 	  2 2 1 2 1 2x w , x , w x , x w , x wŽ . Ž .1 2 1 2
Ž 1 2 Ž p	1. 2 . Ž . 	  	1 x , w , wŽ .1 2
 k Ž1 2	 2 1.Ž 1 2	 Ž p	1. 2 .Ž 	1. by Lemma 5 and 2Ž .
 k  Ž1 , 2.Ž 1 2	 Ž p	1. 2 .Ž 	1. , where  is defined as in vi .Ž .Ž1, 2.
Ž .Substituting this in 21 , we get
  Ž p	1.1 2 2  	   Ž  	 .Ž 	1.1 2 2 2 Ž1 , 2.l  l  x x w x  w kŽ .1 2 1 2
 x 1 2  u1 Ž p	1. 2 1 Ž p	1. 2 k	1 2 1 1Ž 2	 Ž p	2. 2 .Ž 	1.Ž
u2 2 k	 2  k  Ž1 , 2.Ž 1 2	 Ž p	1. 2 .Ž 	1. by 19 .Ž ..
Ž .Thus by 8 ,
l  l  x 1 2  u1 Ž p	1. 2 1 Ž p	1. 2 u2 2 k , 23Ž .1 2
where
 	 2  	    2 	 Ž p	2. 2  	 1Ž .Ž .1 2 1 1
  1 2 	 Ž p	1. 2  	 1 . 24Ž . Ž .Ž .Ž1, 2.
Ž . 1 Ž p	1. 2 2 2 1 Ž p	1. 2  2 1 Ž p	1. 2By 11 ,  u  u  k .
Ž . Ž .Substituting this in 23 , and by using 8 , we get
l  l  x 1 2  u1 Ž p	1. 2 2 1 Ž p	1. 2 2 k 2 1 Ž p	1. 2 . 25Ž .1 2
Ž . Ž . Ž1, 2. Ž1, 2. Ž1, 2. 	 Ž1, 2.Substituting 24 in 25 , we shall get l  l  x  u  k where1 2
Ž . Ž . Ž . Ž . ,  ,  , and 	 can be defined as in ii , iii , iv , and v ,Ž1, 2. Ž1, 2. Ž1, 2. Ž1, 2.
respectively.
Ž .  Ž . Ž .Now x  u x  u k by 9 and 1 ,
	1 	1  x  u x ,  , u  xu   x , u ,  kŽ . Ž . Ž . Ž .
  x  u k ux   k	1 by 5 , 4 , 2 , and Lemma 2Ž . Ž . Ž . Ž . Ž .
    xu   , x , u k u  x u , x ,  k	1Ž . Ž . Ž . Ž .
    ux k 1  u   x k		1Ž . Ž .
by 4 , 5 , 2 , Lemma 1 and Lemma 2Ž . Ž . Ž .
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	1 	1    1     		1  u  x  , u , x k  u   x u ,  , x kŽ . Ž . Ž . Ž .
 u k2  x k 21  u   x k	 2		1Ž .Ž .
by 11 , 2 , Lemma 1 and Lemma 2Ž . Ž .
 u   k2x k 21  u   x k	 2		1 by 1Ž . Ž .Ž .
 u   x k3 21  u   x k	 2		1 by 1 and 3 .Ž . Ž . Ž . Ž .
By cancelling u   x from both sides of the last equation above, we get
k
3 21  k	 2		1.
So kŽ 
3	1 .2Ž 21. 1.
  Ž 3 . Ž 2 . Ž .Since k  q,   	 1  2    1  0 mod q . Then
2 	 1  2    1  0 mod q . 26Ž . Ž . Ž .Ž .
Ž . 3 3	1 3Suppose p 3. Then by vii , k  k. So k  1. Thus  	 1
Ž .Ž 2 . Ž . Ž . Ž .	 1    1  0 mod q . By vii , 	 1 0 mod q . So
Ž 2 . Ž . Ž .   1  0 mod q . Thus 26 holds for any integer . This proves
Ž . 2 Ž .ix . Suppose p 3. If    1 0 mod q , then
k 
2  k		1 27Ž .
and
k	
2	  k . 28Ž .
Now
x	3 kx3  x	1 x	2 kx2 xŽ .
 x	1 k 2x by 3Ž .
 x	1 k		1 x by 27Ž .
		1	1 x kxŽ .
 k	 2	 by 3Ž .
 k by 28 .Ž .
 3      ² :² : Thus k, x  1. Since x  p 3, k, x  1 also. Then k x 
 ² :  Ž . ² : ² :L x  pq by 1 . So x L x by Sylow’s Theorem. Then L woulda a
Ž . 2 Ž .be a group by R . This is a contradiction. So    1 0 mod q12
Ž . Ž . Ž . Ž .when p 3. Thus  	 1  2 0 mod q by 26 . Hence  	 1
Ž . Ž . Ž .	2 mod q . This proves viii . Since  0 mod q , Q is a nonabelian
Ž . Ž .group by 9 and 1 . This completes the proof of this theorem.
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Ž .THEOREM 2. Suppose p and q are odd primes with q 1 mod p . Then
there exist integers  and  such that
 p 1 mod q but  1 mod q ; iŽ . Ž . Ž .
 	 1 	2 mod q when p 3. iiŽ . Ž . Ž .
² :   4 Define L  ,  ,  , 	  0, 1, . . . , p	 1 and  ,  , 	 0, 1, . . . ,
44q	 1 and the product of two elements of L,
² : ² :l  l   ,  ,  , 	   ,  ,  , 	1 2 1 1 1 1 2 2 2 2
² :  ,  ,  , 	 ,Ž1, 2. Ž1 , 2. Ž1 , 2. Ž1 , 2.
where
     mod p ; iiiŽ . Ž . Ž .Ž1, 2. 1 2
   Ž p	1. 2   mod q ; ivŽ . Ž .Ž .Ž1, 2. 1 2
   Ž p	1. 2   mod q ; vŽ . Ž .Ž .Ž1, 2. 1 2
	  	 2  	    Ž p	1. 2½Ž1, 2. 1 2 2 1
 Ž p	2.2 2    	 Ž .1 1
 Ž p	1.Ž1 , 2. 2  	   	 1 mod q ; viŽ . Ž . Ž .Ž . 5Ž1, 2.
    	   mod q ; viiŽ . Ž . Ž .Ž1, 2. 1 2 2 1
Ž . Ž . Ž . and  are integers satisfying i and ii  is any integer when p 3 .
Then L is a nonassociatie Moufang loop of odd order pq3.
Ž  In contrast with 3 , where O. Chein uses a nonabelian group of order
m and an element of order 2 to construct a nonassociative Moufang loop
of order 2m, we have simply taken an abstract set containing pq3 number
.of elements and defined the product of two elements in the set.
Ž . Ž .Proof. Let p and q be odd primes with q 1 mod p . So p, q	 1
Ž . p p. Then by R , there exist p solutions for the congruence  17
Ž . Ž .1 mod q . Now  1 mod q is also a solution for the congruence
Ž .above. So the existence of exactly p	 1 integers  which satisfy i is
guaranteed.
Ž . Ž . Ž .Since  1 mod q , 	 1, q  1. So by R , there exists an inte-16
Ž . Ž .ger  such that  	 1 	2 mod q . So the existence of an integer 
Ž .which satisfies ii is also guaranteed.
 ² :  4Write L l 
 l  ,  ,  , 	 ,  0, 1, . . . , p	 1 , and  ,  , 	
 44   30, 1, . . . , q	 1 . Clearly L  pq .
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Now define the product of two elements of L as
² : ² : ² :l  l   ,  ,  , 	   ,  ,  , 	   ,  ,  , 	 ,1 2 1 1 1 1 2 2 2 2 Ž1 , 2. Ž1 , 2. Ž1 , 2. Ž1 , 2.
Ž . Ž .where  ,  ,  , 	 are defined as in iii , . . . , vi , and  isŽ1, 2. Ž1, 2. Ž1, 2. Ž1, 2. Ž1, 2.
Ž .defined as in vii .
² : ² : ² :Take the elements x 1, 0, 0, 0 , u 0, 1, 0, 0 , and   0, 0, 1, 0 in
Ž . Ž . Ž . ² : ² :L Then by iii , . . . , vii , x  u    1, 1, 0, 0    1, 1, 1, 1 
² : ² : Ž .1, 1, 1, 0  x  0, 1, 1, 0  x  u   . Thus
L is not a group. 1Ž .
Ž .Now we shall show that L is a Moufang loop, i.e., l l  l l  l  l l l1 2 3 1 1 2 3 1
Ž .for each l  L. In the rest of the proof, we shall leave out ‘‘ mod p ’’ andi
Ž .‘‘ mod q ’’ to simplify the calculations.
Ž .By iii ,    . So we shall writeŽŽ1, 2., 3. Ž1, Ž2, 3..
     . 2Ž .ŽŽ1 , 2. , 3. Ž1 , Ž2 , 3.. Ž1 , 2, 3.
Also
   Ž p	1. 3   by ivŽ .ŽŽ1 , 2. , 3. Ž1 , 2. 3
  Ž p	1. 2   Ž p	1. 3   by ivŽ .Ž .1 2 3
  Ž p	1.Ž 2 3.  Ž p	1. 3  1 2 3
  Ž p	1. Ž2 , 3.  by iii and iv .Ž . Ž .1 Ž2 , 3.
Ž .Thus by iv ,
   . 3Ž .ŽŽ1 , 2. , 3. Ž1 , Ž2 , 3..
Ž . Ž .Similarly, by v and iii ,
   . 4Ž .ŽŽ1 , 2. , 3. Ž1 , Ž2 , 3..
By our definition,
l l  l l   ,  ,  , 	 ; 5² : Ž .1 2 3 1 ŽŽ1 , 2. , Ž3 , 1.. ŽŽ1 , 2. , Ž3 , 1.. ŽŽ1 , 2. , Ž3 , 1.. ŽŽ1 , 2. , Ž3 , 1..
and
l  l l l   ,  ,  , 	 . 6² :Ž . Ž .1 2 3 1 ŽŽ1 , Ž2 , 3.. , 1. ŽŽ1 , Ž2 , 3.. , 1. ŽŽ1 , Ž2 , 3.. , 1. ŽŽ1 , Ž2 , 3.. , 1.
Ž . Ž . Ž . Ž . Ž . Ž .Now    by 2 . Similarly, by iii , v , 2 , 3 , and 4 ,ŽŽ1, 2., Ž3, 1.. ŽŽ1, Ž2, 3.., 1.
we can show that    and    .ŽŽ1, 2., Ž3, 1.. ŽŽ1, Ž2, 3.., 1. ŽŽ1, 2., Ž3, 1.. ŽŽ1, Ž2, 3.., 1.
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Ž . Ž . Ž .Thus by 5 and 6 , l l  l l  l  l l l  	  	 .1 2 3 1 1 2 3 1 ŽŽ1, 2., Ž3, 1.. ŽŽ1, Ž2, 3.., 1.
Hence,
l l  l l  l  l l l  	 	 	  0. 7Ž . Ž .1 2 3 1 1 2 3 1 ŽŽ1 , 2. , Ž3 , 1.. ŽŽ1 , Ž2 , 3.. , 1.
Now
    	   by viiŽ .ŽŽ1 , 2. , Ž3 , 1.. Ž1 , 2. Ž3 , 1. Ž3 , 1. Ž1 , 2.
  Ž p	1. 2    Ž p	1.1  Ž . Ž .1 2 3 1
	  Ž p	1.1    Ž p	1. 2   by iv and vŽ . Ž .Ž . Ž .3 1 1 2
	   	      	   Ž p	1.Ž1 2 .Ž . Ž .1 2 2 1 1 3 3 1
   	   Ž p	1.1 .Ž .2 3 3 2
Ž . Ž .Thus by vii and iii ,
 	   Ž p	1. Ž1 , 2.  Ž p	1.1 . 8Ž .ŽŽ1 , 2. , Ž3 , 1.. Ž1 , 2. Ž1 , 3. Ž2 , 3.
Also
    	   by viiŽ .Ž1, Ž2 , 3.. 1 Ž2 , 3. Ž2 , 3. 1
   Ž p	1. 3   	 a Ž p	1. 3   Ž . Ž .1 2 3 2 3 1
by iv and vŽ . Ž .
   	   Ž p	1. 3    	   .Ž . Ž .1 2 2 1 1 3 3 1
Ž .So by vii ,
   Ž p	1. 3   . 9Ž .Ž1, Ž2 , 3.. Ž1 , 2. Ž1 , 3.
Similarly
    	   by viiŽ .ŽŽ1 , Ž2 , 3.. , 1. Ž1 , Ž2 , 3.. 1 1 Ž1 , Ž2 , 3..
  Ž p	1. Ž2 , 3.  Ž .1 Ž2 , 3. 1
	   Ž p	1. Ž2 , 3.  by iv and vŽ . Ž .Ž .1 1 Ž2 , 3.
	   	  Ž .1 Ž2 , 3. Ž2 , 3. 1
	 by v .Ž .Ž1, Ž2 , 3..
Ž .Then by 9 ,
 	 Ž p	1. 3 	  . 10Ž .ŽŽ1 , Ž2 , 3.. , 1. Ž1 , 2. Ž1 , 3.
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Now
	  	 Ž3 , 1. 	    Ž p	1. Ž3 , 1.ŽŽ1 , 2. , Ž3 , 1.. Ž1 , 2. Ž3 , 1. Ž3 , 1. Ž1 , 2.
 Ž p	2.Ž3 , 1. Ž3 , 1.    	 Ž .Ž1, 2. Ž1 , 2.
 Ž p	1.ŽŽ1 , 2. , Ž3 , 1.. Ž3 , 1.  	   	 1 by viŽ . Ž .Ž .ŽŽ1 , 2. , Ž3 , 1..
 	 2  	    Ž p	1. 2½ 1 2 2 1
 Ž p	2.2 2    	 Ž .1 1
 Ž p	1. Ž1 , 2. 2 Ž3 , 1.  	   	 1 Ž .Ž . 5Ž1, 2.
 	 1  	    Ž p	1.13 1 1 3
 Ž p	2.1 1    	 Ž .3 3
 Ž p	1.Ž3 , 1. 1  	   	 1Ž .Ž .Ž3, 1.
   Ž p	1.1    Ž p	1. 2   Ž p	1. Ž3 , 1.Ž . Ž .3 1 1 2
Ž p	1. Ž p	1.2 2        Ž . Ž .1 2 1 2
 Ž3 , 1.	 Ž p	2. Ž3 , 1.Ž .
 	   Ž p	1. Ž1 , 2.  Ž p	1.1Ž .Ž1, 2. Ž1 , 3. Ž2 , 3.
 Ž p	1.ŽŽ1 , 2. , Ž3 , 1.. Ž3 , 1.  	   	 1Ž .Ž .
by vi , iv , v , and 8 .Ž . Ž . Ž . Ž .
Ž . Ž . Ž . Ž . Ž p	2. i Ž p	1.2  iThus by iii , vii , i , and 2 , taking note that    ,
	  	 Ž1 , 2 , 3. 1  	 Ž1 , 3. 	 1Ž .ŽŽ1 , 2. , Ž3 , 1.. 1 2 3
    Ž p	1. Ž1 , 2 , 3.   Ž p	1. Ž1 , 3.Ž 1 1 1 2
  Ž p	1.1    Ž1 , 3.Ž p	1. 21 3 2 1
  Ž p	1.Ž2 1 Ž2 , 3..   Ž p	1.Ž2 1 3. .3 1 3 2
 Ž p	2.Ž1 , 2 , 3. Ž1 , 2 , 3.    	 Ž .1 1
      Ž1 , 3.Ž p	1. 2 	 Ž p	1.Ž2  Ž1 , 3. 2 .Ž . Ž .1 2 2 1
  Ž1 , 3.	 Ž p	2. Ž1 , 3.    1 	 Ž p	2.1Ž . Ž .2 2 3 3
 Ž p	1. Ž1 , 3.	 Ž1 , 3.Ž p	1. 2Ž .Ž1, 2.
 Ž p	1.1 	 Ž p	1.Ž2 1 Ž2 , 3..Ž .Ž1, 3.
 Ž p	1.Ž2   .Ž1 , 2 , 3. 1 3  	   	 1 . 11Ž . Ž .Ž .Ž2, 3.
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Now
	  	 Ž2 , 3. 	    Ž p	1. Ž2 , 3.Ž1, Ž2 , 3.. 1 Ž2 , 3. Ž2 , 3. 1
 Ž p	2.Ž2 , 3. Ž2 , 3.    	 Ž .1 1
 Ž p	1.Ž1 , Ž2 , 3.. Ž2 , 3.  	   	 1 by viŽ . Ž .Ž .Ž1, Ž2 , 3..
 	 Ž2 , 3. 	 3  	    Ž p	1. 31 2 3 3 2
 Ž p	2.  Ž p	1.3 3 Ž2 , 3. 3    	     	   	 1Ž .Ž . Ž .2 2 Ž2 , 3.
   Ž p	1. 3    Ž p	1. Ž2 , 3.Ž .2 3 1
 Ž p	2.Ž2 , 3. Ž2 , 3.    	 Ž .1 1
Ž p	1.  Ž p	1.3 Ž1 , 2 , 3. Ž2 , 3.      	   	 1Ž .Ž .Ž .Ž1, 2. Ž1 , 3.
by vi , iv , 9 and 2 .Ž . Ž . Ž . Ž .
Ž . Ž .Thus by iii and i ,
	  	 Ž2 , 3. 	 3  	Ž1, Ž2 , 3.. 1 2 3
    Ž p	1.Ž 22  3.   Ž p	1. Ž2 , 3.   Ž p	1. 3Ž .2 1 3 1 3 2
 Ž p	2.  Ž p	2.Ž2 , 3. Ž2 , 3. 3 3    	      	 Ž . Ž .1 1 2 2
 Ž1 , 2.	 Ž p	1.Ž 22  3.   Ž1 , 2 , 3.	 Ž p	1. Ž2 , 3.Ž . Ž .Ž1, 2. Ž1 , 3.
 Ž p	1.Ž2 , 3. 3  	   	 1 . 12Ž . Ž .Ž .Ž2, 3.
Now
	  	 1  	    Ž p	1.1ŽŽ1 , Ž2 , 3.. , 1. Ž1 , Ž2 , 3.. 1 1 Ž1 , Ž2 , 3..
 Ž p	2.1 1    	 Ž .Ž1, Ž2 , 3.. Ž1 , Ž2 , 3..
 Ž p	1.ŽŽ1 , Ž2 , 3.. , 1. 1  	   	 1 by viŽ . Ž .Ž .ŽŽ1 , Ž2 , 3.. , 1.
 	 Ž2 , 3. 	 3  	½ 1 2 3
   Ž p	1.Ž 22  3.   Ž p	1. Ž2 , 3.   Ž p	1. 3Ž .2 1 3 1 3 2
 Ž p	2.  Ž p	2.Ž2 , 3. Ž2 , 3. 3 3   	      	 Ž . Ž .1 2 2
 Ž1 , 2.	 Ž p	1.Ž 22  3.Ž .Ž1, 2.
 Ž1 , 2 , 3.	 Ž p	1. Ž2 , 3.Ž .Ž1, 3.
 Ž p	1. Ž2 , 3. 3 1  	   	 1 Ž .Ž . 5Ž2, 3.
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  Ž p	1. Ž2 , 3.  Ž p	1. 3   Ž p	1.1Ž .1 1 1 2 3
Ž p	1. Ž p	1.Ž2 , 3. 3       Ž .1 2 3
  Ž p	1. Ž2 , 3.  Ž p	1. 3   1 	 Ž p	2.1Ž .Ž .1 2 3
 	 Ž p	1. 3 	 Ž .Ž1, 2. Ž1 , 3.
 Ž p	1.ŽŽ1 , Ž2 , 3.. , 1. 1  	   	 1Ž .Ž .
by 12 , iv , v , and 10 .Ž . Ž . Ž . Ž .
Ž . Ž . Ž .Thus by iii , i , and 2 ,
	ŽŽ1 , Ž2 , 3.. , 1.
 	 Ž1 , 2 , 3. 1  	 Ž1 , 3. 	 1Ž .1 2 3
    Ž p	1. Ž1 , 2 , 3.   Ž p	1. Ž1 , 3.Ž 1 1 1 2
  Ž p	1.1    1Ž p	1.Ž 22  3.1 3 2 1
  1Ž p	1. Ž2 , 3.   1Ž p	1. 3 .3 1 3 2
 Ž p	2.Ž1 , 2 , 3. Ž1 , 2 , 3.    	 Ž .1 1
      1Ž p	1.Ž 22  3.	 Ž p	1.Ž2  Ž1 , 3. 2 .Ž . Ž .1 2 2 1
  Ž1 , 3.	 Ž p	2. Ž1 , 3.Ž .2 2
      1Ž p	1. Ž2 , 3.	 Ž p	1.Ž2 1 Ž2 , 3..Ž . Ž .1 3 3 1
  1 	 Ž p	2.1Ž .3 3
      1Ž p	1. 3 	 Ž p	1.Ž2 1 3.Ž . Ž .2 3 3 2
 Ž p	1. Ž1 , 3.	 1Ž p	1.Ž 22  3.Ž .Ž1, 2.
 Ž p	1.1 	 1Ž p	1. Ž2 , 3.Ž .Ž1, 3.
  Ž p	1.Ž1 , 2 , 3. 1 3  	   	 1 . 13Ž . Ž .Ž .Ž2, 3.
Ž . Ž . Ž .By 11 , 13 , and vii , we get
	 	 	ŽŽ1 , 2. , Ž3 , 1.. ŽŽ1 , Ž2 , 3.. , 1.
 Ž p	1.  Ž p	1.Ž 2 .Ž1 , 3. 2 1 2 3     	 Ž .2 1
  Ž p	1.Ž2 1 Ž2 , 3..	 1Ž p	1. Ž2 , 3.Ž .3 1
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Ž p	1.Ž2   .  Ž p	1.1 3 1 3   	 Ž .3 2
 Ž p	1.  Ž p	1.Ž 2 .Ž1 , 3. 2 1 2 3       	 Ž . Ž .1 2 2 1
      Ž p	1.Ž2 1 Ž2 , 3..	 1Ž p	1. Ž2 , 3.Ž . Ž .1 3 3 1
      Ž p	1.Ž2 1 3.	 1Ž p	1. 3Ž . Ž .2 3 3 2
   	   1Ž p	1.Ž 22  3.	 Ž1 , 3.Ž p	1. 2Ž . Ž .1 2 2 1
   	   1Ž p	1. Ž2 , 3.	 Ž p	1.Ž2 1 Ž2 , 3..Ž . Ž .1 3 3 1
 Ž p	1. Ž p	1.Ž2   .1 3 1 3   	    	   	 1Ž . Ž .Ž .2 3 3 2
 Ž p	1.  Ž p	1.Ž 2 .Ž1 , 3. 2 1 2 3     	 Ž .2 1
  Ž p	1.Ž2 1 Ž2 , 3..	 1Ž p	1. Ž2 , 3.Ž .3 1
Ž p	1.Ž2   .  Ž p	1.1 3 1 3   	 Ž .3 2
 Ž p	1.  Ž p	1.Ž 2 .Ž1 , 3. 2 1 2 3 2   	 Ž .2 1
2  Ž p	1.Ž2 1 Ž2 , 3..	 1Ž p	1. Ž2 , 3.Ž .3 1
Ž p	1.Ž2   .  Ž p	1.1 3 1 32   	   	 1 .Ž .Ž .3 2
Thus
	 	 	 	 1Ž . Ž .ŽŽ1 , 2. , Ž3 , 1.. ŽŽ1 , Ž2 , 3.. , 1.
 Ž p	1.  Ž p	1.Ž 2 .Ž1 , 3. 2 1 2 3  	 1  2    	 Ž . Ž .2 1
  Ž p	1.Ž2 1 Ž2 , 3..	 1Ž p	1. Ž2 , 3.Ž .3 1
Ž p	1.Ž2   .  Ž p	1.1 3 1 3   	  . 14Ž .Ž .3 2
Ž . Ž .When p 3,  	 1  2 0 by ii .
Ž . Ž .Ž . Ž .So by 14 , 	 	 	 	 1  0. By i , 	 1 0.ŽŽ1, 2., Ž3, 1.. ŽŽ1, Ž2, 3.., 1.
Ž . Ž .Thus 	 	 	  0. Then by 7 , l l  l l  l  l l l forŽŽ1, 2., Ž3, 1.. ŽŽ1, Ž2, 3.., 1. 1 2 3 1 1 2 3 1
Ž .all l  L. Hence, L is a nonassociative Moufang loop by 1 .i
When p 3,
	 	 	 	 1Ž . Ž .ŽŽ1 , 2. , Ž3 , 1.. ŽŽ1 , Ž2 , 3.. , 1.
  	 1  2Ž .
  2  2 41 3 2 1 2 3    	 Ž .2 1
  412  Ž2 , 3.	 12  Ž2 , 3.Ž .3 1
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4 2  21 3 1 3   	  by 14 and iiiŽ . Ž .Ž .3 2
3  	 1  2 0 as   1 by iŽ . Ž .
 0 for any integer  .
Then, we can show that L is a nonassociative Moufang loop as in the
previous case. Hence the proof of this theorem is complete.
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